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Any bipartite entanglement witness W can be written as W = cσI−σ, where σ is a quantum state,
I is the identity matrix, and cσ is a non-negative number. We present a general method to extend
the given entanglement witness to multipartite cases via purification, partial purification, and direct
tensor of the quantum state σ. Our methods extend σ but leave the parameter cσ untouched. This
is very valuable since the parameter is generally not easy to compute.
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I. INTRODUCTION
It is well established that entanglement plays an es-
sential role in many applications of quantum information
science [1, 2]. The detection of entanglement has become
one of the central problems in the field. The notion of
an entanglement witness (in short, witness), which is for-
mulated in terms of a positive, but not completely pos-
itive map via the Jamio lkowski-Choi isomorphism [3], is
arguably the most powerful method for entanglement de-
tection. An observable W = W † is said to be a witness
if: (i) it has non-negative expectation value for an arbi-
trary separable state; and (ii) it has at least one negative
eigenvalue (see, e.g., [4]). A witness is said to be weakly
optimal if its expectation value vanishes on at least one
product state [5, 6].
There is substantial literature on the topic. Bipartite
witnesses, i.e., witnesses for bipartite quantum systems,
have been exhaustively studied in a number of works
[4, 7–14]. However, multipartite witnesses for partial and
genuine entanglement are more difficult to approach [15–
19]. Of course, such witnesses are important because
multipartite entanglement has been shown to be an es-
sential resource in a variety of contexts, including appli-
cations in quantum computing [20], interferometry [21],
and in metrological tasks [22]. We refer the reader to
Ref. [23] for a recent and extensive review on entangle-
ment witnesses.
In the present paper, we consider the general form of
a witness, W = cσI − σ, where cσ is a non-negative real
number, I is the identity matrix, and σ is a quantum
state. Given W , we propose methods for purifying, par-
tially purifying, or directly tensor the quantum state σ,
and in this way extending the witness from the bipar-
tite to the multipartite case. Our methods modify σ but
leave the parameter cσ unchanged. This is valuable since
cσ is in general not easy to compute.
The remainder of the paper is organized as follows. In
Section II, we introduce a general form of bipartite entan-
glement witnesses from density matrices of states. In Sec-
tion III, we extend any witness in bipartite to witnesses
in multipartite by purification and by partial purifica-
tion. In Section IV, we show the extension by extending
states to mixed states. Section V is a summary.
II. PRELIMINARIES
For our purposes, we can consider a finite dimensional
composite Hilbert space H = H1 ⊗ H2 ⊗ · · · ⊗ Hn. Let
σ be a density matrix for such a system. The quantum
state σ is said to be separable if it can be written as
σ =
∑
k
pk|ψk1 〉〈ψk1 | ⊗ |ψk2 〉〈ψk2 | ⊗ · · · ⊗ |ψkn〉〈ψkn|, (1)
where pk is a probability distribution and each |ψki 〉 is a
pure state of Hi, for i = 1, 2, ..., n. If a quantum state ρ
cannot be written as the form of Eq. (1), it is referred to
as multipartite entangled.
On the basis of this definition, a multipartite entangle-
ment witness, W ∈ H, is a Hermitian operator such that:
(i) tr(Wσ) ≥ 0 for all separable states σ; (ii) tr(Wρ) < 0
for at least one state ρ.
Wang and Long [6, 24] showed that any (possibly un-
normalized) bipartite witness W ∈ HA⊗HB can be writ-
ten as
W = ρ− cρI, (2)
where ρ is a (separable) density matrix and
λ0ρ < cρ ≤ cmaxρ (3)
is a real number related to ρ. Here, λ0ρ is the smallest
eigenvalue of ρ. The parameter cmaxρ is the maximum cρ
for which W is a witness, and it is given by
cmaxρ = inf‖|µA〉‖=1,‖|µB〉‖=1
〈µAµB |ρ|µAµB〉, (4)
where |µAµB〉 is any unit product state. A witness W =
ρ− cρI is weakly optimal if and only if cρ = cmaxρ .
Remark 1. Let W = ρ − cρI be a witness such that
ρ has spectral decomposition ρ =
∑k
i=0 λiρ|ei〉〈ei|, with
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2orthonormal basis {|e1〉, |e2〉, ..., |ek〉}. We have one of
the following two cases: (i) (ρ has zero nullity) The basis
spans HAB and |e0〉 is an entangled state corresponding
to the minimum eigenvalue λ0ρ 6= 0; (ii) (ρ has nonzero
nullity) The complementary space of the basis is a com-
pletely entangled subspace (for short, CES ). A CES does
not contain any product state. [25–28].
Similarly to Refs. [6, 24], we can obtain the dual wit-
nesses’ form of Eq. (2),
W = cρI − ρ, (5)
where ρ is a (separable) density matrix and
cminρ ≤ cρ < λMρ (6)
is a real number related to ρ. The maximum eigenvalue
of ρ is denoted by λMρ is and
cminρ = sup
‖|µA〉‖=1,‖|µB〉‖=1
〈µAµB |ρ|µAµB〉 (7)
is the minimum cρ such that W is a witness; |µAµB〉 is
any unit product state.
Remark 2. If W = cρI − ρ is a witness with spectral
decomposition of ρ =
∑k
i=0 λiρ|ei〉〈ei|, the eigenspace of
the maximum eigenvalue λMρ is a CES.
It is easy to conclude that any multipartite witness can
be constructed from a (separable) state of the form given
in Eq. (2) or Eq. (5).
III. PURIFICATION AND PARTIAL
PURIFICATION
A. Purification
Purification is a fundamental tool [29]. We recall it for
the sake of completeness. Let ρA be a state in Hilbert
space HA. We introduce another system, with space de-
noted by HB , and define a pure state ψAB for the joint
system HA⊗HB such that ρA = trB(|ψAB〉〈ψAB |). More
precisely, suppose ρA has an orthonormal decomposition
ρA =
∑
i pi|iA〉〈iA|. To purify ρA, we introduce a sys-
tem HB which has the same state space as ρA and an
orthonormal basis |iB〉. We define a pure state for the
combined system by |ψAB〉 =
∑
i
√
pi|iA〉|iB〉. This state
is said to be a purification of |ψAB〉. The reduced density
matrix for HA corresponding to the state ψAB is
trB(|ψAB〉〈ψAB |) =
∑
ij
√
pipj |iA〉〈jA|tr(|iB〉〈jB) (8)
=
∑
ij
√
pipj |iA〉〈jA|δij (9)
=
∑
i
pi|iA〉〈iA| (10)
= ρA. (11)
We are now ready to state our first result.
Theorem 1. If W12 = cσ12I − σ12 is a bipartite wit-
ness, then
W123 = cσ12I123 − |ψ123〉〈ψ123| (12)
is a tripartite witness, where |ψ123〉 is any purification of
σ12.
In fact, this extension is the inverse process of the cas-
caded structure in [19]. We give two proofs of the state-
ment in our language: The first proof is lengthy; the sec-
ond one is much shorter. We believe that both proofs are
instructive.
Lemma 1. [29] Suppose |AB1〉 and |AB2〉 are two
purifications of the state ρA to a composite system HA⊗
HB . There exists a unitary transformation UB acting on
system HB such that |AB1〉 = (IA ⊗ UB)|AB2〉.
Proof: Let us consider the spectral decomposi-
tion σ12 =
∑
i pi|ψi12〉〈ψi12|. The state |ψ′123〉 =∑
i
√
pi|ψi12〉|ei3〉 is a purification of σ12, where |ei3〉 is any
orthonormal basis states in H3. Suppose
cmin|ψ′123〉〈ψ′123|
= max
‖|µ′1〉‖=1,‖|µ′2〉‖=1,‖|µ′3〉‖=1
〈µ′1µ′2µ′3|ψ′123〉〈ψ′123|µ′1µ′2µ′3〉
(13)
= 〈µ1µ2µ3|ψ′123〉〈ψ′123|µ1µ2µ3〉 (14)
= rr∗ (15)
and |µ3〉 =
∑
i ti|ei3〉, where r and ti are complex num-
bers. Then,
r = 〈µ1µ2|〈µ3|
∑
i
√
pi|ψi12〉|ei3〉 (16)
= 〈µ1µ2|
∑
j
t∗j 〈ej3|
∑
i
√
pi|ψi12〉|ei3〉 (17)
= 〈µ1µ2|
∑
i
√
pi|ψi12〉t∗i . (18)
It follows that
∑
i
√
pi〈µ1µ2|ψi12〉
r
t∗i = 1.
Let ti =
√
pi〈µ1µ2|ψi12〉
r . Since
∑
i tit
∗
i = 1, we have
|µ3〉 =
∑
i
√
pi
r
〈µ1µ2|ψi12〉|ei3〉.
Similarly, suppose
cminσ12 = 〈µ1µ2|σ12|µ1µ2〉.
3We can write
cminσ12
= 〈µ1µ2|(
∑
i
pi|ψi12〉〈ψi12|)|µ1µ2〉 (19)
=
∑
i
√
pi〈µ1µ2|ψi12〉
∑
j
√
pj〈ψj12|µ1µ2〉〈ei3|ej3〉 (20)
= r
∑
i
√
pi〈ψi12|µ1µ2〉(〈ei3|
∑
j
√
pj
r
〈µ1µ2|ψj12〉|ej3〉︸ ︷︷ ︸
=|µ3〉
)
(21)
= r
∑
i
√
pi〈ψi12|µ1µ2〉(〈ei3|µ3〉) (22)
= r〈ψ′123|µ1µ2µ3〉 (23)
= 〈µ1µ2µ3|ψ′123〉〈ψ′123|µ1µ2µ3〉 (24)
= cmin|ψ′123〉〈ψ′123|, (25)
since
cmin|ψ′123〉〈ψ′123|
= max
‖|µ′1〉‖=1,‖|µ′2〉‖=1,‖|µ′3〉‖=1
|〈µ′1µ′2µ′3|ψ′123〉|2 (26)
= max
‖|µ′3〉‖=1
(
max
‖|µ′1〉‖=1,‖|µ′2〉‖=1
|〈µ′3|ψ′|µ
′
1µ
′
2〉
123 〉|2
)
, (27)
where
|ψ′|µ′1µ′2〉123 〉 := 〈µ′1µ′2|ψ′123〉.
Since |ψ′123〉〈ψ′123| is a pure state, λM |ψ′123〉〈ψ′123| = 1 and
λMσ12 ≤ λM |ψ′123〉〈ψ′123|. Since W12 = cσ12I − σ12 is a
bipartite witness, cminσ12 ≤ cσ12 < λMσ12 . Thus,
cmin|ψ′123〉〈ψ′123| = c
min
σ12 ≤ cσ12 < λMσ12 ≤ λM |ψ′123〉〈ψ′123|.
By Eq. (5), Eqs. (6) and Eq. (7),
W123 = cσ12I123 − |ψ′123〉〈ψ′123|
is a witness. By Lemma 1, for any purification |ψ123〉 of
σ12, Eq. (12) holds. 
Proof: The proof uses two points:
(i) Suppose µi is any unit pure state of a system with
Hilbert space Hi, for i = 1, 2, 3. We have
〈µ1µ2µ3|W123|µ1µ2µ3〉
= cσ12 − tr12(tr3(|ψ123〉〈ψ123||µ3〉〈µ3|)|µ1µ2〉〈µ1µ2|)
(28)
≥ cσ12 − tr12(tr3(|ψ123〉〈ψ123|)|µ1µ2〉〈µ1µ2|) (29)
= cσ12 − tr12(σ12|µ1µ2〉〈µ1µ2|) (30)
= tr(W12|µ1µ2〉〈µ1µ2|) (31)
≥ 0, (32)
since W12 is a bipartite witness.
(ii) By Eq. (6), W123 < 0 since cσ12 < 1.
Combining together (i) and (ii), W123 is a tripartite
witness. 
Corollary 1. If W12 = cσ12I − σ12 is a bipartite wit-
ness, then
W12···n = cσ12I12···n−|ψ123〉〈ψ123|⊗|ψ4〉〈ψ4|⊗· · ·⊗|ψn〉〈ψn|
(33)
is a n-partite witness, where |ψ123〉 is any purification of
σ12 and |ψi〉〈ψi| is a pure state in Hi.
We illustrate our results for the case of the isotropic
qubit state. It is known that
σq =

1+q
4 0 0
q
2
0 1−q4 0 0
0 0 1−q4 0
q
2 0 0
1+q
4

is the (separable) density matrix of
σq = q|ψ〉〈ψ|+ (1− q)I/4,
where |ψ〉 = 1√
2
(|00〉+ |11〉) and 0 < q < 13 .
By computing cminσq =
1+q
4 [24],
W12 =
1 + q
4
I − σq (34)
is a bipartite witness for 0 < q < 13 . It works for
pip = p|ψ〉〈ψ|+ (1− p)I/4,
where p > 13 . Since the maximum eigenvalue of σq is
λMσ =
1+3q
4 ,
W12 = cσqI − σq (35)
is a bipartite witness for 1+q4 ≤ cσq < 1+3q4 .
The spectral decomposition for σq is
σq =
1− q
4
|ψ012〉〈ψ012|+
1− q
4
|ψ112〉〈ψ112|
+
1− q
4
|ψ212〉〈ψ212|+
1 + 3q
4
|ψ312〉〈ψ312|, (36)
where |ψ012〉 = |10〉 and |ψ112〉 = |01〉 are separable, while
|ψ212〉 = 1√2 (|00〉 − |11〉) and |ψ312〉 = 1√2 (|00〉 + |11〉) are
entangled.
A purification of σq in C
2 ⊗ C2 ⊗ C4 is
|ψ123〉 =
√
1− q
4
|ψ012〉|0〉+
√
1− q
4
|ψ112〉|1〉
+
√
1− q
4
|ψ212〉|2〉+
√
1 + 3q
4
|ψ312〉|3〉, (37)
where {|i〉}3i=0 is the orthogonal basis in C4. Hence,
W123 =
1 + q
4
I123 − |ψ123〉〈ψ123|
is a tripartite witness in C2 ⊗ C2 ⊗ C4 for 0 < q < 13 .
4B. Partial purification
The dimension of H3 is the same as the dimension of
H1 ⊗ H2 (or it is equal to the rank of σ12) because of
the demand of purification. There exists a large gap.
There also exists a restriction to the dimension of H3
for the extension. One would hope that H3 can be of
any dimension. Here we need to extend the notion of
purification. The joint system (A,B) will be on a space
HA ⊗HB .
Suppose the spectral decomposition for ρA is
ρA = λ0|φA0 〉〈φA0 |+ λ1|φA1 〉〈φA1 |+ · · ·+ λM |φAM 〉〈φAM |,
with λ0 ≤ λ1 ≤ · · · ≤ λM , where λ0 and λM are the min-
imum and maximum eigenvalue, respectively. To purify
ρA to the system B, whose dimension is less than the
rank of ρA, we define a (unnormalized) pure state |φAB〉
for the joint system such that
|φAB〉 =
∑
i
√
λi|φAi 〉|eBi 〉,
This state is said to be a partial purification of ρA. The
states |eBi 〉 form an orthonormal basis in HB . Moreover,
λi and |φAi 〉 are selected from the eigenvalues and eigen-
vectors of ρA. When λM and |φAM 〉 (respectively, λ0 and
|φA0 〉) are selected, the state |φAB〉 is said to be a par-
tial purification with maximum eigenvalue (respectively
minimum eigenvalue).
Generally, a partial purification |φAB〉 is unnormalized
and trB(|φAB〉〈φAB |) ≤ ρA. For example, if the spectral
decomposition for σ12 ∈ C2 ⊗ C2 is
σ12 = p0|φ012〉〈φ012|+p1|φ112〉〈φ112|+p2|φ212〉〈φ212|+p3|φ312〉〈φ312|,
where |φi12〉 is the orthonormal basis state in C2 ⊗ C2.
Partial purifications of σ12 are
|φ123〉 = √p0|φ012〉|0〉+
√
p1|φ112〉|1〉,
and
|φ′123〉 =
√
p0|φ012〉|0〉+
√
p3|φ312〉|1〉.
Theorem 2. If W12 = cσ12I − σ12 is a bipartite wit-
ness,
W123 = cσ12I123 − |φ123〉〈φ123| (38)
is a tripartite witness, where the (unnormalized) pure
state |φ123〉 is a partial purification of σ12 with maximum
eigenvalue.
Proof: We proceed as follows:
(i) By Theorem 1,
cmin|φ123〉〈φ123| ≤ cminσ12 and cmin|φ123〉〈φ123| ≤ cσ12 .
(ii) By the definition of partial purification, the max-
imum eigenvalue of |φ123〉 is equal to the sum of eigen-
values selected to partially purify. Since we select the
maximum eigenvalue λMσ12 , we have then
λMσ12 ≤ λM |φ123〉〈φ123|.
Since W12 = cσ12I − σ12 is a bipartite witness,
cσ12 < λMσ12 and cσ12 < λM |φ123〉〈φ123|.
By (i) and (ii),
cmin|φ123〉〈φ123| ≤ cσ12 < λM |φ123〉〈φ123|.
Combining together Eq. (5), Eq. (6) and Eq. (7), we
can observe that Eq. (38) is a tripartite witness. 
Corollary 2. If W12 = cσ12I − σ12 is a bipartite wit-
ness then
W123 = c
′
σ12I123 − |φ123〉〈φ123| (39)
is a tripartite witness, where cσ12 ≤ c′σ12 < λM |φ123〉〈φ123|
and the (unnormalized) pure state |φ123〉 is a partial pu-
rification of σ12 with maximum eigenvalue.
As for Theorem 1, we can also give a simpler proof of
Theorem 2.
Proof: As for Theorem 1, the proof uses two points:
(i) Suppose |µi〉 is any unit pure state of the system
Hi for i = 1, 2, 3. We have
〈µ1µ2µ3|W123|µ1µ2µ3〉
= cσ12 − tr12(tr3(|ψ123〉〈ψ123||µ3〉〈µ3|)|µ1µ2〉〈µ1µ2|)
≥ cσ12 − tr12(tr3(|ψ123〉〈ψ123|)|µ1µ2〉〈µ1µ2|) (40)
≥ cσ12 − tr12(σ12|µ1µ2〉〈µ1µ2|) (41)
= tr(W12|µ1µ2〉〈µ1µ2|) (42)
≥ 0, (43)
since W12 is a bipartite witness.
(ii) We have W123 < 0 since, by Eq. (6), cσ12 < 1.
By (i) and (ii) together, W123 is a tripartite witness.

Corollary 3. If W12 = cσ12I12 − σ12 is a bipartite
witness then
W12···n = cσ12I12···n−|φ123〉〈φ123|⊗|φ4〉〈φ4|⊗· · ·⊗|φn〉〈φn|
(44)
is a n-partite witness, where |φ123〉 is any partial purifi-
cation of σ12 with maximum eigenvalue and |φi〉〈φi| is a
pure state in Hi.
Although it seems that Theorem 2 is not as powerful
as Theorem 1, we can construct a series of witnesses.
Suppose that rank(σ12) = R is the rank of σ12 ∈ H12.
Let dim(H3) = d3 < R be the dimension of H3, which is
the space to which we want to extend. We can construct
exactly
d3∑
i=1
(R− 1)!
(R− i)!(i− 1)! ·
d3!
(d3 − i)! = n
tripartite witnesses by partial purification because the
maximum eigenvalue and eigenvector must be selected.
To extend Eq. (34) to tripartite witnesses in three
copies of C2 (i.e., C2 ⊗ C2 ⊗ C2), we can construct
W 1123 =
1 + q
4
I123 − |ψ123〉〈ψ123|
5with one of the partial purification of σq with maximum
eigenvalue
|ψ123〉 =
√
1 + 3q
4
|ψ312〉|0〉+
√
1− q
4
|ψ212〉|1〉.
Also,
W 2123 =
1 + q
4
I123 − |ψ′123〉〈ψ′123|
with one of the partial purification of σq with maximum
eigenvalue
|ψ′123〉 =
√
1 + 3q
4
|ψ312〉|0〉+
√
1− q
4
|ψ112〉|1〉.
Finally,
W 3123 =
1 + q
4
I123 − |ψ′′123〉〈ψ′′123|,
where
|ψ′′123〉 =
√
1 + 3q
4
|ψ312〉|1〉+
√
1− q
4
|ψ012〉|0〉,
and so on.
C. Bipartite witnesses
In standard quantum mechanics, there is no entangle-
ment and no witness for a single system. However, it is
interesting that we can consider a witness W1 = 0 for a
single system. We can extend W1 to bipartite witnesses.
Then,
W1 = 0 =
1
2
I − 1
2
I
in a 2-level system, can be extended to a bipartite witness
W12 in C2 ⊗ C2. We purify
1
2
I =
1
2
(|0〉〈0|+ |1〉〈1|)
to the pure state
|ψ〉 = 1√
2
(|0〉 ⊗ |0〉+ |1〉 ⊗ |1〉)
in the composite system
W12 =
1
2
I12 − |ψ〉〈ψ|.
We can also purify 12I to
|φ〉 = 1√
2
(|0〉 ⊗ |1〉+ |1〉 ⊗ |0〉),
and obtain the bipartite witness
W12 =
1
2
I12 − |φ〉〈φ|.
IV. MIXED STATES EXTENSION
We begin the section with a question: can we extend bi-
partite witnesses by transforming states into mixed states
in Eq. (5)? The following result answers the question:
Theorem 3.If W12 = cσ12I12 − σ12 is a bipartite wit-
ness then
W12···n = cσ12I12···n − σ12 ⊗
1
λMσ3
σ3 ⊗ · · ·
⊗ 1
λMσi
σi ⊗ · · · ⊗ 1
λMσn
σn (45)
is a n-partite witness, where σi is any (normalized, mixed
or pure) state in Hi with maximum eigenvalue λMσi .
Proof: (i) Firstly,
cminσ12⊗ 1λMσ3 σ3⊗···⊗
1
λMσn
σn
= max
‖|µ′1〉‖=1,‖|µ′2〉‖=1,···‖|µ′n〉‖=1
〈µ′1µ′2 · · ·µ′n|
σ12 ⊗ 1
λMσ3
σ3 ⊗ · · · ⊗ 1
λMσn
σn|µ′1µ′2 · · ·µ′n〉 (46)
= max
‖|µ′1〉‖=1,‖|µ′2〉‖=1
〈µ′1µ′2|σ12|µ′1µ′2〉 · 〈e3|
1
λMσ3
σ3|e3〉 ·
· · · · 〈ei| 1
λMσi
σi|ei〉 · · · · · 〈en| 1
λMσn
σn|en〉 (47)
= cminσ12 , (48)
where |ei〉〈ei| is the eigenvector corresponding to the
maximum eigenvalue of σi, with 3 ≤ i ≤ n.
(ii) Then, since in these cases the maximum eigenvalue
of 1λMσi
σi is 1, we have
λMσ12 = λMσ12⊗ 1λMσ3 σ3⊗···⊗
1
λMσi
σi⊗···⊗ 1λMσn σn
.
By (i) and (ii), W12···n is an n-partite witness. 
Can we extend the bipartite witness by purification or
partial purification in the form given by Eq. (2) [the
dual form of Eq. (5)]? The answer is negative, since the
minimum eigenvalue is 0 after the process of purification
and then the space spanned by the eigenvectors generally
is not a CES if we purify the state σ12. The following
extension, however, can be done by extending pure states
to mixed states from both Eqs. (2) and (5).
Corollary 4. If W12 = cσ12I12 − σ12 is a bipartite
witness then
W12···n = cσ12I123 − σ12 ⊗ I3 ⊗ · · · ⊗ In (49)
is a n-partite witness in H1 ⊗H2 ⊗ · · ·Hn.
If ρ12 is the entangled state witnessed by W12,
tr(W12···nρ12···n) < 0 by Corollary 4, where ρ12···n =
ρ12 ⊗ ρ3 · · · ρi · · · ⊗ ρn and ρi is any state in Hi. This re-
sult indicates that all states can be witnessed by W12···n,
and that this is given by the tensor product of any state
witnesses by W12 and any state in Hi.
By Corollary 4, we can thus extend Eq. (34) to
W q123 =
1 + q
4
I123 − σq123
6where
σq123
= (
1− q
4
(|ψ012〉〈ψ012|+ |ψ112〉〈ψ112|+ |ψ212〉〈ψ212|)
+
1 + 3q
4
|ψ312〉〈ψ312|)⊗ (|0〉〈0|+ |1〉〈1|+ |2〉〈2|+ |3〉〈3|)
(50)
in C2 ⊗ C2 ⊗ C4.
We can extend Eq. (34) to
W q123 =
1 + q
4
I123 − σq123 (51)
where
σq123 = (
1− q
4
(|ψ012〉〈ψ012|+ |ψ112〉〈ψ112|+ |ψ212〉〈ψ212|)
+
1 + 3q
4
|ψ312〉〈ψ312|)⊗ (|0〉〈0|+ |1〉〈1|) (52)
in C2 ⊗ C2 ⊗ C2.
Consider the same witness (unnormalized)
W12 =
1
4W
|ψ〉
12 as (normalized) W
|ψ〉
12 = |ψ〉〈ψ|Γ,
where ψ = 1√
2
(|00〉+ |11〉) and Γ refers to partial trans-
position. We can write W12 in the form given in Eq.
(2)
W12 =
1
4
|ψ〉〈ψ|Γ = σ12 − 3
16
I12,
where
σ12 =

5
16 0 0 0
0 316
1
8 0
0 18
3
16 0
0 0 0 516
 .
Hence, we have the spectral decomposition
σ =
1
16
|ψ012〉〈ψ012|+
5
16
|ψ112〉〈ψ112|
+
5
16
|ψ212〉〈ψ212|+
5
16
|ψ312〉〈ψ312| (53)
where |ψ012〉 = 1√2 (|01〉−|10〉) and |ψ112〉 = 1√2 (|01〉+|10〉)
are entangled, while |ψ212〉 = |00〉 and |ψ312〉 = |11〉 are
separable. We can extend σ12 to
σ123 = (
1
16
|ψ012〉〈ψ012|+
5
16
|ψ112〉〈ψ112|+
5
16
|ψ212〉〈ψ212|
+
5
16
|ψ312〉〈ψ312|)⊗ (|0〉〈0|+ |1〉〈1|+ |2〉〈2|+ |3〉〈3|)
(54)
which is full rank in C2 ⊗ C2 ⊗ C4, and
W 1123 = σ123 −
3
16
I123 (55)
is a tripartite witness. Similarly, we can extend σ12 to
σ′123 = (
1
16
|ψ012〉〈ψ012|+
5
16
|ψ112〉〈ψ112|+
5
16
|ψ212〉〈ψ212|
+
5
16
|ψ312〉〈ψ312|)⊗ (|0〉〈0|+ |1〉〈1|), (56)
which is full rank in C2 ⊗ C2 ⊗ C2, and
W 2123 = σ
′
123 −
3
16
I123 (57)
is a tripartite witness.
Similar to the proof of Theorem 1, we can show
λ0σ123 <
3
16 ≤ cmaxσ123 in Eq. (55) and λ0σ′123 < 316 ≤ cmaxσ′123
in Eq. (57), and that Eqs. (55) and (57) give tripartite
witnesses.
Note that we can also extend σ12 to tripartite states by
selecting partial bases in H3, but cannot for the extend-
ing from the form of Eq. (2). The simplest extension is
just the following easy but still useful result, which can
be also directly drawn from Theorem 3.
Corollary 5. If W12 = cσ12I12 − σ12 is a bipartite
witness then
W12···n = cσ12I12···n − σ12 ⊗ |ψ3〉〈ψ3| ⊗ · · · ⊗ |ψn〉〈ψn|
is an n-partite witness, where |ψi〉〈ψi| is a pure state in
Hi.
V. SUMMARY
Based on the general form of a witness W12 = cσ12I12−
σ12, we extend a bipartite witness to tripartite witnesses
W123 = cσ12I123 − |ψ123〉〈ψ123| by purifying or partially
purifying σ12 to |ψ123〉〈ψ123|. We extend a bipartite wit-
ness W12 = cσ12I12 − σ12 to tripartite witnesses by ex-
tending σ12 to mixed product states in H1 ⊗ H2 ⊗ H3.
For all methods, we do not need to change the parame-
ter cσ12 . Our methods are universal and generalizable to
extend a bipartite witness to the multipartite case.
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